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The motion of a Chaplygin sledge [1] on an inclined plane is considered when sliding and rotational
friction are present, together with random “white noise” perturbations produced by, for example,
translational vibrations of the base. Stochastic equations of motion are set up and the problem of their
statistical analysis is considered.

In the case when the plane is horizontal, and the friction and perturbations are small, the analysis is
carried out by an averaging method. All finite kinetic energy distributions of the sledge are found. It is
shown that a limiting steady-state mode with a y-distribution is established. The motion of a skate
(which is a special case of a Chaplygin sledge) on an inclined plane when there is no rotational friction
is briefly considered. It is shown that when the sliding friction is small the skate will “on average”
slowly slip downwards, i.e. the mathematical expectation of the coordinate changes slightly, whereas
the “root mean square” slippage will be significant, i.e. the dispersion of the coordinate varies strongly.

In the case of a Chaplygin sledge moving along an inclined plane with arbitrary coefficients of sliding
and rotational friction the analysis is performed using the method of orthogonal expansions. Numerical
results are presented.

The deterministic version of the problem (i.e. when there are no random perturbations) has
been investigated previously [1-5]. In the stochastic version it has been considered under the
assumption [6] that the centre of gravity lies on a line passing through the blade and perpen-
dicular to it, and stochastic equations of motion, linearized about the equilibrium position of
the deterministic system, were set up and analysed.

1. Consider the motion of a rigid body supported on a smooth inclined plane by a blade and
two smooth legs, in a homogeneous gravitational field with acceleration g.

We introduce a system of coordinates OEn fixed to the supporting plane, with the Ofn
plane coinciding with the supporting plane and the O axis directed along the line of steepest
inclination, and a system of coordinates Axyz, rigidly attached to the sledge, the Ax axis
directed along the blade and the Ay axis parallel to the supporting plane. Both systems of
coordinates are right-handed. (Henceforth we use the notation of [5].) We introduce the
following notation: a, B, 8 are the coordinates of the sledge centre of gravity G in the fixed
system of coordinates, m is the mass of the sledge, p is the radius of inertia of the sledge about
the axis Gz’ lAz, r=V(a’+p?), and 0 is the angle of inclination of the supporting plane to the
horizontal.

One can take as generalized coordinates the coordinates &, 1 of the sledge in the fixed system
of coordinates Otng and the angle @(modd2r) of rotation of the sledge about the AzIO(
axis. We assume that the sledge cannot slip in a direction perpendicular to its plane. Then the
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non-holonomic constraint equation has the form
Esing—ncos@=0

We shall assume that the system is acted on by dissipative forces with Rayleigh dissipation
function

O =(m/2hE +0)+h ']

where h>0 and A, =0 are the coefficients of viscous and rotational friction, together with
an external perturbing force F(¢) acting in the O&n plane, with components F and F, in the
O¢&n plane.

It is convenient to rewrite the equations of motion using the quasicoordinate x

Kk=¢g-PBo, & =g cosp, N =¢sing

and the dimensionless quantities

=, kp = \/Z, SF;'=—§- (i=1,2; €=const)
Ver g mg

For simplicity we omit the asterisks and denote differentiation with respect to the “new”
time coordinate by a dot. The canonical equations of motion then have the form

Pe=p
pi =-ap\p, —asin@sin@ -k, p, -k, - (easinQ)F; +(eacos@)F, (1.1)
py= apl2 +sin8cosQ — ko py — kyo pp +(ECOSQ)F + (EsinQ)F,

When the function F(¢) is known Egs (1.1) form a closed system describing the motion of the
sledge about the centre A. They need to be completed by the equations

& =(bp, + py)cos®, n" =(bp, + p,)sing
EG =-ap;sin@+ p, cos®, Mg =ap; cos@+ p,sin@ 1.2)

which govern the motion of the blade and centre of gravity G relative to the supporting plane
OFm. The equation for x, x = p, separates from Eqgs (1.1) and will not be considered below.

2. Suppose that the external perturbing force vector F is a vector V=[V,, V,]” of indepen-
dent normal white noise with constant two-by-two intensity matrices v=wvE, v =const,
E =diag(l, 1) (broad-band, homogeneous and isotropic in the perturbation space). In this
case the equations of motion (1.1) form an Ito system of stochastic differential equations
(SDEs) (see, e.g. [7]). These equations govern a time-homogeneous diffusion process on the
manifold S'x R*—the phase space of the stochastic non-holonomic Chaplygin system that is
being considered.

By a theorem of Khas'minskii [8, p. 119] it follows that when /e, €, # 0 the stochastic system
(1.1) under consideration contains a limiting and steady-state (in the narrow sense) mode. To
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prove this it is sufficient to take the sledge kinetic energy function (p?+p2)/2 to be the
Lyapunov function.

Because Eqs (1.1) are separated from Eqs (1.2), systematic and fluctuating drift [9] of the
variables &, n, &;, M, is possible, i.e. the mathematical expectation and variances of these
variables can increase without limit,

Despite the fact that the diffusion of the SDEs under investigation is degenerate, these
equations have strong solutions and strongly unique solutions, because all the coefficients in
the equations are smooth functions of their variables, and the diffusion matrix (i.e. the matrix
BvB™ where B is the matrix in front of the white noise vector in the equations of motion)
depends only on the sledge orientation and is positive and bounded. Moreover, the process
governed by these SDEs is regular (i.e. there is no halting or discontinuity in the process), and
the Hormander conditions which guarantee the smoothness of the transitional density in
inverse variables are satisfied [10].

The fundamental aim of the paper is a statistical analysis of the motion of a Chaplygin
sledge.

Suppose the supporting plane is horizontal (6=0), and that the friction and perturbations
are small, i.c. the quantities k, (i, j=1, 2) and €* are of the first order of smallness. To apply
the averaging method effectively the variables ¢, p,, p, are replaced by new variables [3]
w(mod?2r), I, w, using the formulae

I=\pl+p; =0
w=(p+larcsin_p]_/_p_2___, w, =_1-]n£.tp_2 (2 1)
a J1+(p, 1 p, ) 2a I-p, .

Formally, in order to reduce the equations of motion to a standard form and use the
averaging method, one should introduce a slow variable w,—Ir to replace the variable w,.
However, we shall not do so because the equation for this variable will not be considered.

In unperturbed motion I, w, w; =/ are constant.

The equations of motion in the new variables I, w, w; are convenient for the application of
the averaging method and for brevity will not be given here.

After the averaging procedure for the diffusion equations in standard form [11-13] one must
separately average the drift vector and diffusion matrix. This essentially reduces to averaging
the coefficients of the product operator of the Markov process described by the SDEs of
motion in new (slow) variables. The averaged system describes with sufficient accuracy the
behaviour of the exact system over a time interval of order 1/e., €. =max{k,, €(i, j=1, 2)}.
More precisely, this means that the finite distributions of the state vector of the original system
can, as &. — 0, be approximated in any compact region of the phase space, uniformly over a
time interval of length O(1/¢.), by finite state vector distributions of the averaged system.

In the present case the system of Ito SDEs has the form (using the previous notation for
quantities that are now averaged)

I'=—kpl+vea® 12D+V,, w=V, /1 (2.2)

It is convenient to replace I by introducing the variable J=1?/2 proportional to the kinetic
energy of the Chaplygin sledge. The stochastic equation for the variable J

J =2k d +vo(1+a?) 1 2++27V, (23)

can be investigated independently.

Note that the averaged system of stochastic equations (2.2) does not, strictly speaking, allow
one to consider the equation for J separately, because the initial values J(z,), w(t,), w,(¢,) are,
in general, dependent. However, J(¢) constitutes a diffusive process, and distributions of the
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quantity J, as one of the components of the state vector, are the same as in the stochastic
system (2.3).

For Eq. (2.3) the analysis problem is completely solvable because the corresponding
Pugachev equations [7] for the n-dimensional characteristic functions g,(A,, ..., At ..., 1)
are linear and of the first order, and are integrable by the standard method. We write these
equations

3, g, 1, .
5%.—. A (~2ky +zv0x,,)-§f-:+5w0(1 +ab)hg,, it =-1

gn(llh..,ln;ti"'ﬂtnﬁl’tn-‘)=gn-l(kl""’xﬂ-2‘l"" +k”;th”.,t"—!) (2.4)
n=23,.; (A1) =g(})

Here g,(}) is the characteristic function of the initial value J(z,) representing the random
quantity, independent of the values of the white noise V(r) when >, Solutions of Egs (2.4)
have the form

21(ht) = go(hexpl=2ky (1 1)I¥ (Mt = i D42 (A1 14)
\P(K, T) =1~ I.VOK(I - exp[—an’E]) / (2’(22) (2.5)

8o honitys o 10) = guot (Mg R g Ay +

2
+A,, expl=2kay (ty = tr ¥ Aty = g Bty aee st VB2 (N1 — 1, 0)

From this it follows that over the course of time a steady fluctuation mode is established with
the one-dimensional characteristic function

2 (M) = (1= ivo / (2kyy )+ )12

which corresponds to the y-distribution.

Note that holonomic systems perturbed by white noise often have an energy distribution that is a
special case of the y-distribution: the exponential or ¥’-distribution with n degrees of freedom. For
example, for the stochastic Euler-Poinsot equation [14] the steady-state kinetic energy distribution of the
body has a y*-distribution with three degrees of freedom.

From Egs (2.3) (or 2.2)) we obtain a system of linear ordinary differential equations for the
moments p, = MJ" (where M is the mathematical expectation operator)
W, = n[~4kyl, +vo(a® +2n-Dp,_,1/2 2.6)
The solution is easily obtained. Here we shall only write out the expression for p,(¢) and for
the steady-state moments
u'l (f) = p’l (to)exp(_2k22f) + VO (1 “"‘ az )(l - eXp(—ant))/ (4&22)
W = (Vg / (dky )V (@® +2n—1)(@* +2n-3)...(a* +1)

It is clear from (2.2) that there is no drift in the stochastic equation for the angular variable
w, i.e. the variable w only undergoes diffusion
t dW, (1)
)= [—=—=
w(t)= | 1)

o

(I>0)

where W,(t) is the standard one-dimensional Wiener process (V,=W,).
In the special case a=0 (where the centre of gravity lies on the line passing through the
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blade and perpendicular to the blade) the exact equations of motion (1.1) have the form

¢ =py, pi=—kyp - kip,
Py =—kiapy —kppa + V', V' =V cos@+V;sing @7)

Because the perturbations are homogeneous and isotropic the diffusion matrix of the SDE
(2.7) has the form diag(0, 0, v,). Hence all the distributions of the state vector [¢, p,, p,]" are
the same as for the linear system (2.7), where V’ is scalar normal white noise with constant
intensity v,.

All finite distributions of the state vector [, p,, p,]" can be obtained from well-known
formulae [7]. We merely remark that in the limit when ¢ — o the distributions are normal in
the variables p, and p,, and uniform (along the circle) in the angular variable ¢.

3. In the case of a skate (a=B=0) on an inclined plane and when there is no rotational
friction (h, =0) the stochastic equations of motion (1.1) have the form

@ =Ppiv i =0, py=sin@COSP=kp; +V" (31)
& =p,cos@, M =p,sing

Henceforth, we shall restrict ourselves, for simplicity, to the case when the initial conditions
for ¢ and p, are deterministic: @(t,) =¢,, Pi(t,)=p,. Then the last three equations of (3.1) are
linear, and the evolution of the mathematical expectation M§ and variance D& of the
coordinate & can be found using well-known formulae [7]. We shall write out expressions for
ME and DE assuming that a periodic regime has been established in the variable p,

k5, Sin @ \Y
ME = 2" y(t)+¢,, DE=———u(t)+c
P120 +k222 P120 +k222 ?

u(t)—-1—t+-1—sin2(p ! cos2¢@, @ =pgt+Q
2 4py 4ky, ’ 0 o
¢;=const (i=1,2)

From this it follows that the ratio of the increments of DE and ME over one oscillation
period t=2n/p, of the angle ¢ is equal to

(DE), 1 (ME), = v/ (ky, sinB) (32)

It is clear that for small %,, the skate will “on average” slide downwards very slowly, whereas
the “mean square” sliding will be substantial. This result can be considered to be a stochastic
analogue of a known effect in the deterministic problem: when there are no perturbations and
friction the skate never slides downwards (so long as ¢'(z,) =0).

4. To analyse the motion of a stochastic Chaplygin sledge on an inclined plane with arbitrary
coefficients of sliding and rotation friction we shall use an approximate method [15]. Following
it, we reduce the problem of finding a one-dimensional density distribution fir: ¢, p,,
p,):R'xSxR*— R for solutions of the SDE (1.1) to the problem of finding expansion coef-
ficients for this density in the following series

£~ QrYy2(7,¥,)% expl-p? 1 (2¥4;) - P2 1 (27,)]%

X io H;(Y1.p)H;(Y2.P2 )[dij +‘/§( iaijn sinn@ + by, cos "‘P)] (doo =1) 4.1)
n=1

ij=

Here v,, v, are positive constants chosen for convenience, and H, are Hermite polynomials.
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The unknown coefficients a,,(t), b, (t), d,(t) are governed by the formulae

in
= MH'('YE,P;)H‘(Yz,pg)ﬁsinn(p

by, = MH;(Y;, p))H; (Y2> P2 W2 cosng
d; = MH; (Y, p)H,; (Yz»Pz)

and satisfy the following denumerable infinite system of ordinary differential equations with
appropriate initial conditions

Bjn = ~(kyyi + ko2 /), + 1y (Ni+ 1y o+ ) -
~QY2 \[‘(( 27‘} -3—;—] af‘j-!‘n+‘\ili(i“1)j(1~{;_;)af—2,j~in+l _]‘1‘1{1‘]_”""'
+Ji(i = DG+ D8y jo1.n —%—L\/(z‘ +I1)(i+2)) a.-+z,j-1.n]+

2

1, j ]
+‘2‘S"‘ 9 ':‘,;I;(ai,j-\.n-ﬂ + 1) aw‘?;(é‘—l,j,n-! =bi1jna1 )]"
'kIZi:\}iz_z'('\/;ai—l,j—l,n +ljtlaey L)+ ,’f“;—l'( i+1a;,) j 1 +\Eai—l.j—1.n)"‘
1 2

2
Ve, Vo v v
+\fz(z—l)( 2Oy ]“i-z.j,n +«\/j(j—1)(~k22 +-———~2;’ J ;i an
1 2

by = —(kyyi+kp )by _”\ﬁl.( Vitlag, .+ '\/;ai-i.j‘n)— 4.2)
~a 72{‘/}{{1 2;!j ;;l :}—ln+\1‘(“ ( ”_J i- 2;-In+‘ J+ :_,M»ln
2 2

+J =D+ Db -2, j+in \3("*‘1)(""2 +2]»—1n}

1. i f j
+x{§sm9 [:0\/—%('“:—1.;,;”: +8 g ja-)t ‘,;%'(bi,j-—l.n-x +bi,j—l,n+l):!} -
_kl2[‘f'"—'('\/_b-lj ]n+ J+ 1]+1n)+1’1'—"(“+ br+l/ 1n+'\fbr Lj- ln)]

2
— Voa - v
+yii—~ U(*&: +"29',r]bi-2.j.n +yJi(- U(-kzz +§'$*}’;,;-z,m x=1
1 2

Equations for d, are obtained from the equations for b, when n=0 if one puts x = 1/4(2).

ijn

Equations for the ‘mathematical expectations in O&n coordinates of the blade A and of the
centre of gravity G follow from (1.2)

(MEY =byJY, 1 2byg) + /Y2 / 2bg1y, (M) = bﬁﬁamx ++/Y2/ 2a0y,

(MEGY =~ayY, / 2a10) + Y2/ 2bgy1, (MNG) =ay[¥, 1 2big; + /Y2 / 209y

Restricting ourselves in (4.2) to i, j, n such that 0<i<N,, 0<j=<N, O=n<N,
(the rectangular summation method) and solving the resulting system of linear differential
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equations on (say) a computer, we obtain an approximate expression for the density distri-
bution, and also approximate values for the moments of the process [¢, p,, p,]”.

In numerical experiments the values of the following parameters were fixed: p=0.1; r=1;
£=98; vy=1; sin6=0.1. The values of the remaining parameters were varied, and we
consider three cases: (1) a=0.1; h=24; h=2; 2) a=0;h=4h =2; (3) a=0;A=4;h =0.01.

When there are no random perturbations the final motion of the sledge in the first case is
steady descent along some straight line with constant velocity (¢ =const, p, =0, p,=const), in
the second case a position of stable equilibrium (¢=3n/2, p, =p,=0), and in the third case a
self-oscillating mode (which corresponds to a limit cycle in the phase space {¢, p,, p,}).

The initial values of ¢, p,, p, were chosen to be statistically independent. The distribution of the
p;(j=1,2)at r=0 was normal with zero mathematical expectation and variance 7, (j=1, 2), while the
distribution of the angle ¢ at =0 in each of the three cases was as follows:

1 fo(@)y=[1+cos(p-n/2)]/(2®), 2. fo()=[1+cos(9—-5n/4)}/(2m),
3 fole)=1/(2m).

System (4.2) with N, =N, =32, N;=6 was integrated by a fourth-order Runge—Kutta method with
step length 107 over the time interval [0, 10°).

The parameters y; were chosen to be approximately equal to the steady-state values Mp? and had the
following numerical values in the cases under consideration: (1) v, =0.05; v,=07; (2) v,=0.0Ly, =04;
and (3) y,=1.56; v, =041. Here all the real parts of the eigenvalues of the matrix of the linear system
(4.2) were negative, and as N, N,, N, increased the Parseval series

N Ny N
2.2 ;2
3 ¥ f(dij+aijn+bijn)
i=1 j=1 n=1

converged fairly rapidly over the time interval [0, 1000] and when N,N, =32, N, =6 it remained constant
to within 107 This ensured the accuracy of the method.

The numerical results are shown in Figs 1-4. The first set of parameter values corresponds to
curve 1 in Fig. 1, the second to curve 2 and the third to Figs 2-4.

Figure 1 shows curves of [ME&(t), Mn(t)] when ¢ €[0, 1000] and the initial values are zero.
They illustrate the “average” track of the skate A on the supporting plane. Here the evolution
of the one-dimensional density of the angle ¢

1 N
flo)= 5;[1 + f(aoo,, sin nQ + by, cosn(p)}
n=1

is also shown. The dashed curves correspond to the initial distribution, and the solid curves to
the steady-state distribution. It is clear that the maximum probability shifts from =n/2 to
@ =5.65 in the first case, and from 5n/4 to 3rw/2 in the second.

It follows from the form of curves 2 in Fig. 1 that in the second case the sledge will on
average slide slowly downwards along the line of steepest descent (systematic drift). Here the
skate will oscillate randomly near the ¢=3n/2 position (a stable equilibrium position in the
deterministic problem).

Figure 2 shows the projection of the limit cycle on the p,, p, plane when there are no
perturbations, and Fig. 3 shows the steady-state one-dimensional density f(p,, p,). It is
remarkable that the steady-state one-dimensional density for the variable p, is essentially non-
Gaussian, which is shown in Fig. 4 where the dashed curve corresponds to the normal
distribution with the same variance as p,, and the solid curve corresponds to f(p,). At the
same time the steady-state one-dimensional distribution density f(p,) is practically indistin-
guishable from the corresponding Gaussian distribution.
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